MOMENTS AND
PRODUCTS OF INERTIA

n;ynonucnou
~ Rigid body : A rigid body has invariable size and shape. The distance between

any two particles of the rigid body remains always the same.
ycok we will be dealing with the motion of rigid bodies.
ment of Inertia of a bodv about a line : If m be the mass of an element of a

rigid body, r the distance of the element from a given line. then X mr- is called the
moment of inertia of the body about this straight line.

Thus. to determine the moment of inertia of a body of mass M we take an element
of the body, multiply it by the square of its perpendicular distance from the given line.
The sum of all such quantities is the moment of inertia of the body about the line.

If this sum be denoted by Mk > where M is the mass of the body, then k is called

the W*mrion of the body about the given line.
If (x, v) be the co-ordinates of an element m of the mass

duct of Inertia :
referred to two mutually perpendicular lines Ox and Oy. then  mxyis called the product

of inertia of the body with respect 10 the lines Ox and Oy.

If mutually perpendicular axes Ox, Oy and Oz be taken in the space and (x, ¥, z) be
the co-ordinates of the element 7 of the body, then the quantities 2 m)z, ¥ mzx and T mxy
are the products of inertia of the body with respect to the pairs of axes, yand z, zand x, X

and y, respectively.
ME STANDARD CASES OF MOMENT OF INERTIA

Mmmdlnerﬁadaﬂoddlengthh {
Case 1. About an axis through an end

perpendicular to the rod .

Let M be the mass of the rod AB: then mass
\ P Q

per unit length = -2——

a
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Dynamicg of 8 Rign

Consider an eleme mun_.._

Nt of breadth 6x at a distance x from the end 4

Mass of the clement = 3 Ox.

2u

Its momen; of inertia about A7 - M 5x - x?.
2a

Henc —— -
€nce, moment of inertia of the rod about A/ = ‘.‘ ?.__ ...L...Q
i) Nnh

; -ﬁ
...:. n%xkﬂn _.—. \u&a:_.t:t.ﬁ..._ ..,m_:.:.ﬁ}:_i .
lddle poing perpendicular to the rod

Consider an element P of breadth éx at a - X

distance from the axis LN. 2 %v//n_m
Moment of inertia of this element about / ¥ e

L_#\H - )
=— QX X" N
2a

Moment of inertia of the rod AB about /N

nw,am ﬁn.ﬂu%ﬂ

M| X’ Maqg?

— —
"

:Mm.g. 3

5\§=\=.E= of Inertia of a Rectangular Lamina

(1) Moment of inertia of a rectangle D .

: P
EW.,..E a line _.}E__q_.h} centre L:twa:mu 1o a I__ - ¢
Nde.

Let ABCD be 3 rectangular lamina
such that 48 - 2a, AD =2p and centre O, [f N :

Moments and Produc

M be the mass of the lamina, the mass per

i g )
unit ot area — Jm

dab |

Let OL be an axis parallel to 4B A
through 0. ,.
Fig.

Consider an elementary  strip  of
breadth § x at distance v from O, parallel to AD.

Mass of this Strip = i%m. 2bdx = r@m.ﬁ

dab 2

(i) ML of this strip about LN = M 5[ b° |_ M b
2a | 3 2 3

e of Inerus

A ..:L,. - dx
M. 1. of the rectangle about LN - 2a 3 _. )

) [ 1
i.? _w—:: ah‘ .

2a 3 3 h the centre

; woug
ar L « about a line U 1
{ of inertia of a rectangular laming a
. en
(hus, Mon W
| | . allel 1o
» gide 2a 18 . | R
_u.,:.m:n_ o | { the rectangle about i line through centre |
1 of the recls .

gjmilarly moment of inertl

| ?
ide T )
the side 2018 M _..
- .
i of inertia about d (it

ssin
perpendicular 10 the lamina and passing

(if) Mo

through the cenlre

\r o

7 } .
, : . 1 (),
dx y at a distance J?H + y ) fron

: P
icular lane = p dx dy (x + )" ).
_ ; ine OL. perpendicular to the p
?_._.E.E_mn_ﬁ:__n:_nccc_u::rﬁ p _.,.,_\

Consider an elementary arca

Fig.

h 1 2 hu . H_
required moment of inertia = _ , —..-: p(x~ 4 y7)-dxdy .

o [ " i

Xagg, 's _..._

el e
3 3 xo0, y=0
u@.ﬁn;fﬂin wzrﬁﬁn“ +b?)
3 3
uﬂ:m + b?)
as M = dab p.

oment of Inertia of a Rectangular Parallelopiped

Let 2a,2b,2¢ be the lengths of the sides of this parallelopiped, and O 1ts centre.

lake OX, OY, OZ axes of the parallelopiped.
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Consider an element 81, 51, & at 2 pomt (T, 3. 7} Moment of inettia of thyg
Y A O #.w.u-

. = o -

abowt O (2 Ime paraliel 10 edge 22 through O) = () 2

A y

Hence the mament of mnerta of the whole solid about O

—jl
-

-
-

)
3 - - a & -
=p e nhulh _._h"J.iﬂ.H"u.u.iﬂ“-wlelr
...J — 2
pabc .2 2 _1 : : R
.. (b~ +c”)=- M(b” +c")as M =8abcp

Thus moment of mertia of a parallelopiped about a line. through the o

paradiel 10 the sade 2a i “.:.t“ +e)
4) Moment of Inertia of a Circular Wire
~/ (1) Abowr g diometer
Caonsader an elementany are a 00.
Its mass = adbp.
Its distance from a diameter OX = asin 6.
Its moment of inertza about OX = ad8p (a sin 8)"
= a°psin- 0 56.

ey

Momernts and Products of inerta
Hence. M | of the wire about the diameter ( 1A
. - X >
= _.____u p—_J # _._.n_#: ) _..,.}H
._1....._
- R .
- 4a _; sin” O @8
1
t., l x LHHD B Ma
— Y- = = . ——
“'3 3 2
Hlﬂ_ F% = ”ﬂﬂ-wv.,_._

Thus momeni of mertia of d circular wire about

(i1) About the axis through the cenire O

\foment of inertia of an elementann mass a

Hence. M.1. of the circular wire about the axis through O

- b
— “ﬂﬂrw _.J_ - .“-

_Moment of Inertia of a Circular Plate
(i) To determine momeni of inertia of a disc of
radius a about irs diameter O\X. sav

Consider an elementary area r o8 or.

. 1 3
a diameter 1s 2 Ma

bout the axis =pad@ a’

If p be the density per unit area, then mass of the
element = r &8 8- p. and distance of this element

from QX = rsin 8.
ML of the element about OX

— rd03rp (rsin®)”
~ ripsin” 030 dr,
M.L of the disc about the diameter OX
=p .wa _.H risin” O d® dr

a1l r_map
1; 2 3 4
]

as M =na’p

(ii) To determine the moment of inertia of the disc about a line perpendicular 10 the

disc through the centre O.
Consider the element as above.

Mass of the element = 30 &r p, and its distance from the axis = r.
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oy

So its M.1. about the axis =P’ oréb r. o et and Products of Inertia
2n
out the axis = ._.__._ ._.M_ pr-do dr (7) Moment of Inertia of a Hollow Sphere, About a Diameter - P
sphere is generated by the revolution of a semi-circular arc abou

Hence, M.I. of the disc ab
2 4@ The hollow
mw/ | 3 r ; . ) : ._.
- rdo dr = — n bounding diameter. |
=% ._.ﬁ. ‘..m_ b 4 M Consider an element a &Y of the arc. This when revolved about the diameter AB,
2 : generates a circular ring of radius a sin © and width a db.
B na Ju ” Ma
S 2 2
' Ma?®.

disc aboul the axis IS -

Thus, moment of inertid of the

/@\!::E-: of inertia of an elliptic disc (axes 2a, 2b) | |
ent of inertia about the major axis OX.

[et us find its mom -
(a cos ¢, b sin ¢)
P
X Mass of this elementary ring = 27ta sin 6 a 86p.
7 Distance of every point of this ring from the diameter AB = asin 6.
. Foa
M.I. of the elementary ring about AB =(2nasin 0 a 80 p)a” sin 0
? =2na’p sin” 6 30
Hence, M.1. of the hollow sphere about the diameter 4B
s . . ; =2na’p ._ﬁ sin’ 0 d0 =4na’p ...n_r sin” 0 d
Consider an elementary strip PQ, such that P is the point (a cos ¢, bsin¢). 0 0
Breadth of the strip =8x =8 (acos¢)=—a sin ¢ 3¢ . nana?w _8ma’p _2Ma”
Length of the strip =2b sin ¢. J 3 3 3
: mass of the strip = —2bsin¢ -sin¢ o -p. as M = 4na’p.
9 e 9 ; ; : . | 2
; . b sin" ¢ Thus. moment of inertia of a hollow sphere about a diameter 1s Ma“.
Its moment of inertia about OX = (-2bsin¢ asing 5 -p)- - 3
, %3 of Inertia of a Solid Sphere, about a Diameter
= — mn&u_umm:._e 0. The solid sphere is generated by the

- h . , revolution is generated by the revolution of
Hence, M.I. of the whole elliptic disc about OX (major axis) ‘e semicircular area about its bounding

o N 4 3 (/2 . 4 diameter.

as B o b = —ab sin” ¢ d .
3 e ‘_.c ek L 3 sk _.c .o Consider an elementary area » 50 or at a
d . 30 1 _ 1 ; distance r from the centre.
=—ab’p.=- = n=—(mabp)b” = M Mb This element, when revolved about the g A
3 422 = diameter 4B, generates a circular ring of
as M = nab p. radius 7 sin 0 and cross-section » 86 or.
Thus., moment of inertia of the elliptic disc about the major axis = .“ Mb*. | Mass of the elementary ring =2nrsin 6 - 786 dp -p.
Distance of its every point from 4B = rsin 9

. G W . e i 2
Similary moment of inertia of the elliptic disc about the minor axis = Ma
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M.1. of the elementary ring about

=21p h__..*. sin ; 0 30 - dr

: diameter
Hence. moment of inertia of the sphere about the ARB

=27p .H ” sin’ 0 do dr
_amp [[ [)rtsin’0.d0 dr
] 5
nm.ﬁnu
5
e hinwnzmn.

: . .2
Thus, moment of inertia of a solid sphere about a diameter is : Ma?

(9) Moment of Inertia of an Ellipsoid

o X
Let the equation of the ellipsoid be — + — + — =

Z

Fig.
Consider an elementary volume 8x 8y 8z in the positive octant.

Mass of the element = p &x 3y 8z

Its distance from OX = ar .d._u +z° )

Its M.1. about OX = p &x &z C.m +z°)

Hence, moment of inertia of the ellipsoid about O.X.

= m‘_.‘_.T dydydz (y* +z°)

&
|
Pk

'

o
I

=

Dynamics of g r@a
B

4B = (2nrsin® rd0 or - p) (* sin B2

Yy

re- q
Moments and Products of Inertia ——
the integration being extended over positive octant of the ellipsoid.
Put b8 H.,_ =uie x=au'’
a3
\ 1
- =
So, dx = —au ' “du \
2
H.“J =, e, y= bv!’?
MH.I
P
So, dy=—bv "“dv
ol = 2
and —=wie, z= ew'’?
o3
So, Z'= 1 cw = dw.
2
1 ) 2 ~1/2—12 12
The total M.1. about OX = m:? Gabe By ctwyu !y >du dv dw,
where u+v+w<li
o ded Taf Yoy 4“1__-_ 2.
=abcp .: b~u> v w? +cu? v w?!  |dudvdw
I i e
=abcp (b™ +c¢7) - —= m 2 by Dirichlet’s theorem
I
= abep (b2 +c?). " _ 4abcpn b* + ¢’
5 w 3 5
3 3
] 5
=—M (b” +¢%)
5
- M= bﬁmvn_u.
3

Thus, moment of inertia of ellipsoid about the axis 2a is L_eu (B2 +¢?) with
similar results about the other two axes.

IREN REFERENCE TABLE

Below we give standard results obtained above. These results can be divided into
three groups as given below :
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WS- My

= —M
Group |
Rod of lengrh 2a , \f :“1
: dwough U .
sbout 3 perpendicular axis ey
end g "
axis through a8
about 3 perpendiculas
W.rm'#‘m:“"h 2 M
mmmwmp““‘”"”"" )
cenire M It bl
Wl .
M.Wuﬁlmﬁpﬁlﬂ”‘#" 3 )
- t‘w:“:h‘:‘
hw;\'jw ‘
- ﬁ*:‘ \ (b° ‘1:']
d'.u:llnlzlInlst!n'mmh*""“-“"“”"“ud
Group |1 ——— -
Corcular ares of radies & I
Y
sbout 3 hameter A
M-l
about & line . o the plane through contre jﬂ
L
El lamng of aves 2 15 shout the auis 2o M - b°
Pin * - %
_ 1. s .3
shout 2 perpendicular w 15 plane through G M -_iw « b))
Greup 11 e
Sphere of rodins o
1 L
about 3 dameter \f -;ﬂ.
Eltgprosd of aven 2a, 28, 2 sbowt the aus 2 A :”,r o

Reuth's rule ©  Result of all these three groups may be remembered with the help
of one Roush ‘s Rule whach w as follows

Moment of mertia about an wuy of vveEnetr

IS “'““fmﬂ‘mwm-m
I 4t AR

the denoemmator s w0 be 3 4 or § according = the body is
: ) I I
clispocal (growp (1) or ellspsosdal (growp 1) rectangular (group

SOLVED EXAMPLES
ll:!:“:li!:u' F ind the momeont of inertia of o by low sphere ubout a diameter, s
externad and inie ol radi being o and b

solution ( onsider a sphencal shell of radius x (g >4 > ) and of width &x
If p 1 the density, then moment of mertia of this shell about a diameter

o o

= 4|‘I'H'.l :61

Hence, moment of inertia of the given hollow sphere

(5.3
--rdm:p‘h"'l-"-
, 3
:Bf_ﬂr‘luﬁ y
3
=8—Ela‘—b!]
15
2M o’ -8 o
5 a'-»
1
as M=-rpla -b)

where a is the radius and M is the mass of the lamina

Solution Consider an elementary area r 58 &
lts distance from the tangent at the veriex, (e from

B
AK = a - rcos.
Sol its M | about 4K = pr 80 dr (a - rcos8)
Hence, required moment of inertia of “

=) : A - ﬂ“
.l: rupréﬂortu rcost)

‘2"]‘.. :]';m-‘r-zur-’mew‘m’mm dr

s Y@ I".“iul' |r‘

j: ‘Er-1 r'l -." | ; 1
— N - - | ! 6 e
-EP“%._,JWL -dt3'-.lml°
L ° Je

Jo

,......
"
| —
b | =
Win
\-—-__...w_.,.
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pDynamics of a Rigiq Ba — T %
-—/' UY #/’ﬁaments El["ld PPUdUCtS [}f |ner't|a :

<%
3 Tr =
- "'I“ = -~ ) 2
i Epn “ - + I i 6 _1 A .. M.L of the elementary arc about 4N =pa SB(M sin 1BJ
. r 8 ] :
“ ]rlb e :,'lf“r o= i
:r:pu a \.3 il 4 3 =4a’psin’ ] 0 6.
2
i 7 Hence, ML.IL. of the whole arc about 4N
a M = = ta p-

r ¥ | ]n _B de
m i j r i ! 1 _f‘rI f I - p

i rc.
{iameter bisecting f.‘u ¢ . »
(1) the gh the centre. perpendu‘uh!r to its plane.

(1) an axis throu perpﬂﬂdff“f”r to its plane.

=da’p j; (1-cos8)dd =4a’p (o —sin o)
(iif) an axis through its middle point

-

s ,-'WN =

— (U. - 5]” Q. ]_
L,
. anele 2 at the centre O. s
Solution Let the arc subtend an angle 2o 2

Let OA be the diameter bisecting the arc. .
=pd

Consider an elementary arc d 50. Its mass =p

(i) Its distance from diameter 04 =a sin 0.

Its M.1. about O4 =pa 30 (asin H) 0%

o

EXAMPLE Find the product of inertia of a semi-circular wire about diameter and
‘N tangent at its extremity.

Solution OX is the diameter and OY is the tangent at the extremity O
Y

= pa sin” 0 80,
Hence. M.IL. of the whole arc about
OA=pa’ E sin” © dO

Fig.
a3 2 . —c0s20) do
—.EGPESIH B db apj:{l cos 208) o X
= a’p (a —sina cos &) Fig.
! Consider the elementary arc a 6. Its mass = pa o6
- (0 —sin o cosat ) I.ts distance trom. OX.z asin 6, and its distance from OY = g + a cos 6.
~. Its product of inertia about OX . OY
as M =2aap.

. . : =a d6 '
(11) Let OL be a line through centre O perpendicular to the plane of the arc. “ 3 p (asinb) (a +acos6)
Distance of a 86 from this axis = a =pa”sinb (1+cos6)36

. i . H ! T . ,
M.1. of elementary arc about OL = (pa 88) a* = 0a’50 ence, product of inertia of the wire about OX,0Y

M.L of the whole arc about OL = [* pa® df =2a’ap =pa’ | sin0 (1+cos8) do

2 =pa’ [—cnsﬁ +%sin38] =2pa’.
as M =2qap. ' G
(111) Again, if AN is the line through the middle point 4 of the arc perpendicular to e
the plane of the arc, then distance of ¢ 50 from AN = AP =24sin ~ ﬁ = e ,
: = 1tap

.
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9&9«13 of a Eﬁgﬁci of revolution aboy; 2
ment
Show that the mo
axis E.Wm.k the square of the radius of 1S
3 e dc—ﬁmﬂ n be mﬁ.—mﬂmﬁan _uw. the revolution of the Ag
, th aboloid ol I€ ; |
i o ﬁ”: _ 4gx about the axis AX 2
APB of the parabola a
Y P
y
A S L X
Fig.
. lution,
Let b be the radius of the base of the paraboloid of revolu
. y-co-ordinate of B=b
i.e., hﬂ

_co-ordinate of B = —.
x-co-ordi ua..
eadth dx at a distance x from the vertex. This strip

. trip PO of br . :
Now consider a strip PO s a circular disc of radius y.

when revolved about x-axis generate
Mass of the elementary disc sO formed = my-dx - p. Hence,

M = Mass of the whole paraboloid of revolution
>/4a b*/4a
unﬁ b‘“ : w& an:n_; HQ.H

b-/4a
x’ ,E“z_.uh (1)
=4anp | — =
2 8a
0
‘_v ..__
M.L. of the elementary disc about the axis AX =y “dxp - >4
Hence, M.I. of the paraboloid of revolution about the axis AX
I b%/4a 4 q.n_u b=/ 4a 3 g
|Mn iy dx = 5 16a° b..,_ X dx
6 4
n|ﬁﬁa nw nt& X __m Hw M x w“ from EqQ. (1)
2d4a 3 8a 3
M

= = x the square on the radius of the base.

Moments and Products g

P v o

about its axis.

f Inertia

Find t ]
he momen of inertia of the area bounded by r

S ' .
olution The curve is as shown in the figure

Fig.

The loop is formed between § = " and@ =— "
- 4 4
Consider an elementary area r 36 §-

[ts mass = _u r 60 Br
[ts MLI. about axis OY - prd0 &r r* sin? @ = pr’ sin2 @ do dr.

Hence, M 1. of the whole area (both the loops) about Oy

HL.D -—-ﬂ..._ :I.....;....:uwumw__ T e
0 ._..u rosin” 0 do dr

=4 rafpd | V(cos 20)
=4n Al | .1
F .— 2 sin” 6 40

f_ 4 m/2

" o—: COS™ 7 (I —cos 1) dr
| 4 [lmap :

=—a'p|=. B 2| pdulf i g
o 2508 16 3

B, 4 _;H 4 b)__ﬁﬂ__ ,..__..*.n.w umﬁ o7 B@ 2

_4pa’ _.i

3, 0

i

cos 26 46

J._Hu
Hnt, ._.a namﬂaanbmm

2
ununom~¢

where =20

(1)

Scanned by TapScanner



sw slamers teul o o beasgad
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A

L

(v)

1‘- o LI [T d B AN i.‘]ll‘ ¥ ALy __ ¥

Fig. o oo gﬁﬂ ""‘F" |
" Consider strip of breadth/dx at a distance x from the vertex. T
Mass of the whole parabolic area is -0 algns

17 J&yrpdx ipt,ru v :&tmlun::l.,”__: . ig, :

_49._53f’2f' 8 oa" 2 K2, 521 Yo LihE ¢

(70 3! gl ¥IR=

g Now every point of this strip is at a distance x mithpmﬁf
P vertex), hence moment of inertia of thls etnp about AY =(2 y&r p)-x° =

. 2 :
as M =pa as i the last 'lﬂ.'"f" M.L of the whole area about AY 3 1.0 D TR "ﬂ"l

a of the area of the lennis Nl

D - Nsl QR = . )
rl-em perpend:euiar to the plar r.‘ _ — 40" [ x5y = 4pa”2 2 e '3;pauzﬁm'

—

reirt] slodw e ] (et YaTasmam ,.‘Jmﬁ
2

oy -
i '4__".

7 s 44 ¢
This proves the first result. . o' e qn

Again M.I. of the elementary El]‘lp ebout the axis AX = (2 yox p) 2

: £ IT‘
. M.L of the whole area about the axis AX -——2 i
L) [ _| 51p" E y . 'E ‘_. iﬂg | ‘

o [

a
e I12 ) S8

-

This proves the second result. | ;
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i
B

an.__u obtained in the last example, o

-

> F - A S e .-.—L i i " Y s r
1L i e g T e 4 o L - r
T L : 1 e T 3 e
e - P ¥ 1y £ - +
. % e i = =T,
5 - = " Bl . - 1 i Y
. . LI ) _ o = i 1 s = ' "0

3 el ety S 1 gy E ]

i . ou il e ! - v it Y . . .
i L= ] 18 L Lo F 2 a AR E . 5 4 E r
iy R = N "R " i T A
L5 2 X ] d o [ L] -

| B d 3

[ o e B .- - o O |- ' "

. F ¥ o . i

4 1 -
- ) - L

runcated cone abont its axis, the

Q.:E.aaaq__u

of inertia of this disc about the axis 00’
2 2
tan- O
Haﬂﬂmguﬂm.ﬂﬁv.ﬂ )

HM%E:.-H .H.__ma..

| 2
Hence, moment of inertia of whole frustum about OO

Hﬁnﬂﬁﬁnmi&uu 08

3 i... from Eq. (2), and moment of &

Bl T e F

ﬂu I..@w.
» the required moment of
Hwh._.m : a’ —p’
ﬂQ ﬂu .Imuw

AAated Show that the moment of inertia ofacone of mass M i is oo _.&a» about

its axis, a being the radius of the base.

Hint Proceed as above or put b =0 in the result of the above example.

-t <B From a uniform sphere of radius a, spherical sector of vertical angle
2a is removed. Show that the moment of inertia of the remainder of mass M about the

axis of symmetry is
| >
- Ma* (1 +cosa) (2 —cosa).

Solution Let OABC be the spherical sector that has been
removed.

M = mass of the remainder

= mass of the sphere - mass of the sector.

. o W 3
nwnn-ﬁl ._.“ .—,F_Euﬁ.mmzm:hﬁ&w
4 3
uunn-_ulwmw:nzlnomﬁq
3 3
ie., M umlqltlnw-ﬁ (1 +cosa)
i)
So that Ll S (1)
3 | +cosa

Now moment of inertia of the remainder about OB, the axis of symmetry
=M.I. of the sphere — M.1. of the sector

NL, .. .. ,_ . 4.....
|4|_.-1 .-- a_
| mwnn ngn ,ﬂ .—,a_u@:wm_:_f wm_zaw&w

?

m, m,‘.1,
nmﬁnmlmnﬁm _4 wm_zm E:wmgm.m
15 Tt < 4

L

5 5

15 10 3 0
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T i
15 geoaspium 3 - [from E
o oy @
WET VRN Y ¢ 874 ..EEMM.WAML@:I\Q+@3“WN ﬂ )]

51 +c0s®)

~ g .r-_ __..u_ ] W J
HhTIe? uﬂmﬁn_ﬁ— tgﬁmq C0S u.

o volume Sy Bydz at @ point (x, J, 2).

Solution 24:7°
G4 vaxis =7 +7)
w _ﬁia:uﬂn.n e?_auﬁ.maﬁﬁﬁﬁw 2 L 2 m...am 0z
N S PO T e S =
| _..maﬁn,. the moment of inertia of the octant of the ellipsoid . , "
Aoy Y- V- P
o 4 5 5 2 2 dv dz ,.u.__,—._ﬁ_..w..|g 2 ey - — <l
i/ n_.._..t.d‘nQ R a- b° ¢

,h 22b2 by + ¢’ w) dudv dw

where v + v + w<|

H 7
Put Hlusamun._ﬁﬁn&umn-mﬁmﬁ
-l :
| S0, SRS s, 2. 11 1-1 2] vk
==Ha’bic (Gumyaliw Ci€c’u v ow ) du ch
b’ [
LS ol T F nnr |
=—puabc b +c —
8 CI+2+1+1) F(1+1+2+1)
; S 2 otk 2002 1 q._;bf.ﬁ.f
=—pabc"(b"+¢’)—==—pa“b ¢
8 va i 24
Also M = mass of the octant of the ellipsoid.
u:._.t&ﬁ&&\& . E:mammww;.Hw.Tmﬂm_
a~ b €

el

i_..n_.a:+...__+-th_

ﬂ
=
oo | —

6

AN TR ¥ ]
iven the moments and products of inertia about axes through the centre of gravity,
avily,

to find the moments and products of inertia about parallel axes
Let G be the centre of gravity and GY. GY GZ .
AV )7 ¥ : A, G, GZ, the three axes :
OX", 0OY ', OZ’ three parallel axes through any point O. g G ake

Let co-ordinates of an ele
. ment of mass mbe (x, y, z)and (x'. v. 2'
: Wz x'; ¥,z
sets of axes. V., z') referred to two

[f(x, y, z)are the co-ordinates of G referred to OX . OY »and OZ' as axes, we have

r

X'=x+X, Y =v+ 3.2 =242

moment of inertia of the body about OX

7 .
). r 2

tz27)=Zm[(y+ )

b
I
-

=2m(

-

+(z+2)°)

-

=2m(y +z° 42y 4222+ V" + 2

| 1

Im(y +z7)+2yImy+2z Emz +ME;” +Z%k

b)) ’
X . . —
Now -—— =0, being y-co-ordinate of C.G. referred to G as origin.
rm
Lmy =0,
Similarly, Xmz =0

Hence, moment of inertia of the body about OX’

- ] s | - ol
=Xm(y  +z7)+Zm(y+y)
3

= Moment of inertia about GX + (y” +z

= Moment of inertia about GX +(y+z") M asIm=M

= Moment of inertia about GX
+moment of inertia of a mass M placed at G about OX™".
Also, product of inertia about axes OX', O’
=Tmx'y' =Zm(x+x)(y+2z)
=Ymyx +X Lmy+ yEImx+Xx yIm

= Ymxyz + Mx y, the middle two terms vanish

- the product of inertia about GX', GY +the product of Sﬂa.-
of a mass M placed at G about the axes oX',0Y".
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| Consider any v G. T
centre of gﬁv;tgo  ON (@line 110 .

distance x from the s
Monment of inertia of this disc

the disc thm“gh its C.G) : G

TG

.. M.L of the whole cylinder about its ax1s
. ¢ hi2

4
/2 2 .E-:P—n-f—"[x]-hfl Fi
N Lu“" par PR 12 -

e E.“E.i T f"i.z_
e 2
(i) To determine moment of inertia about a line through ce
perpendicular to axis, i.e., about GK..
M.L of the elementary disc about GK

| — M.L of the disc about OE + M.I. of the mass of the disc, placed at O, about GK

4 T
= (mzp&r)% + (ma’pdx)x* = mlp[% + x‘}ﬁx

ntre of gravity and

.. ML.L of the whole cylinder about GK

2
R E ARG D
=mna thfI(—I+x }(ﬁ'

2 3 2 2 :
=na’p|Z h+h =naph 2+ET— =£ it
| ; 4 34 Ta 3 4 e 3
<i/’md !I:!E Find the moment of inertia of a rectangular parallelopiped about an
edge.

Solution Let ?a. 2b,2¢ be the lengths of edges of the rectangular parallelopiped.
To determine the moment of inertia about an edge say 0A.

1N

‘Moments and Products of Inertia

C 2a

-—-———-1———;-.——.-—.—-——-—:—-—.

B
Fig.

M.I. of the rectangular parallelopiped about an axis through C.G. and parallel to
OA.

b> + ¢’
3
Now M.I. about O4 = M.1. of the rectangular parallelopiped about GX

= M-

+ M.L. of the mass of the rectangular parallelopiped placed at G, about 04

2 |
b® +c¢°

=M +M{b3+c2)=%(b2+cz).

Aliter. Referred to O as origin take an elementdx 8y dz at a point (x, y, z), then

M.I. about OA4 = jiﬂ Eb Ec (y2 + zl)p dx dydz

_p{mﬁ 7’ ]x=2a,y=2b,z=2c

——XZ+—xy
3 3 ¥ x =0=0/0.z=10
:32pabc[bg+cg]
3
4 S o 10
:.:;M{b +c¢7) (as M =8 abcp)

:/m Find the moment of inertia of the triangle ABC about a perpendicular

to the plane through A.

Solution Let 4 be the height of the triangle.

Consider an elementary strip PQ of breadth ox
at a distance x (= AN) from A. AK is an axis
perpendicular to the lamina.

x_+9

Also n " BC
ax

PO =—.
¢ h
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- .

- (mass of strip). é ;

@

t T_.r,- juoae 1.1/ /|

" hﬁmguwnrn‘u
oa-r.__.... : AD500 2

m.% £00" —
4

.......

.‘. ._.,.__
I;”bmw

_.._E:J ATIS
...... wﬂ.ﬁﬁaﬁ. of mass i 19

) . o 5 e Py e L ) 01 oy T

AL . . FUYC (T4 1710 Ivi i, L .  EARIT

B o R k.% TR

T Ty Sl o | PSS SRR iy SAISEILE W TATT TR ey LAY .
R e ‘

AW sEe g | mass M, height / and
us r. i1 a 15 the semi-vertical angle of p nsity / of the cone.

(D)

e

e
.r.h -
\

A

Mass of the disc =8m = pnx* tan’ a &x.

“. M.L of the disc about the diameter AB of the base of the cone
=lts M.L. about parallel diameter EF of the disc

i1 i

+M.1. of the total Enﬁmaaaﬁ#onghm

| |
HMmE.n_mH+mH.n.bHuu§ tan ~ nﬁ x’ tan’ @ + (h - ..cu.‘_

- ﬂ prx’ tan” o —._MHH tan” +?..5m..—&

ulhtﬁﬁb-ﬁ—“ HH., tan? o + 4h’x? ~8hy’ +h_..thn

uwtﬁﬁnm ﬁ w:u E_..Hn +mm_u |E_m +m}u
4 5 3 5

=L pnh® tan® & (3tan? o +2]

m.o

=— _Kru [3tan” a +2]
20

.—. ﬂ
=2 Mht| 9-5 42 u.l@n +2h%).
20 h?

X0 4 solid body. of density p. is in the shape of the solid fé
revolution of the cardioidr = a (1 +cos9) about the initial line; show 3& i3

of inertia about a straight line through the pole perpendicular to the in

352 2 _«N_UT
—npa s
105 3 -

Solution QY is the line through the pole perpendicular to En

[using Eq. (1)]
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Q:maﬁm of a8 Rigid w_uac .

y the revolution of area () 4

rmed D

. (fo
o epia of thE body
To find the moment of inertid v
about ()4) about or:. "

= =2 1] 352%pe?

105
g A closed curve revolve

does not intersect it show
Jormed about OX s o

. s round any line OX in its own plane which
1at the E._.gﬂmzﬂc& inertia of the solid of revolution so
qual to M (a” +3k?) where M is the mass of the solid

enerated, ais the distane
g e ais the distance from O of the centre C of the curve, and k is the radius of
gyration of the curve about g line through C parallel to OX . |

el | Solution Let C be centre of the central curve and S be its area.

[ ?Eﬂ.m 1
ﬁ,ﬁ_ﬂmam_ E._ n_ﬂﬂ_n:HE ar ! / v ___nn_ ﬁ—uﬁ_ —.__H G C _

ring of radius rsin 6. . A
M_I. of the ring about OY (2 diameter) 2gin20
= (2nrsin b r&06rp) 2
y MO
resin“@ 2 o
. +r-cos” 0
M.L of the ring about OY = (27 sIn 6 r300rp) 0 .
: @]
Hence, moment of inertia of the whole solid of revolution about OY -
" - =
x a(l+cosd) 4 sin- 0 20 | 40 dr lake a line CA parallel to OX at a distance ¢ from OX. If p is the density and M the
=2np _.s ._.“ r” sin 0 5 +COS mass of the solid formed, then
M =2nrapS 1)
nopa(l+cos®) 4 | 2
=Tp _‘a ﬁ r*sin 6 (1+cos” 0) db dr Consider an element r d & at a distance r from C, making an angle 8 with CA.
il ; Since the curve is a central curve, it will have an equal element for the same value 6 in
=T ._._”H (1+cos0)’ sin O (1 +cos* 0) 40 the opposite direction.
) : : " 57 Distances of these elements from OX are respectively
2 220 _.“ NEMH@ .mmmnmn_um@.x 1 + mnommml_ Jd0 a+rsin® and a-rsinB
5 2 22| 2 ; Now ,f:w%% .(2)
5 6
nmpa 2" B .0 _ : . ing Lz :
- m ._._“H 2¢os'' Zsin — + 4sin mnam_u @1 dsin @ il @ 40 integration _un_zm” taken to cover the :wwn_,.rm__q cﬂ:ﬁ area
2 2 2 2 2 4 Moment of inertia of the area S about CA is S pk °.
548 |
_TNpa 2 n ] . [ £ : 2 0 ..(3)
= : .—w anm: n_m_.:+wﬂ.,h_m_m,__m,:._w,lm.ne*.q.:___.m:._ fdt, A S pk .:u. 2r do r- sin

6 Now moment of inertia of the solid of revolution about OX
where r=_, _ . moa
= :. dO -drp 2n(a+rsin8) (a+rsin 0)

2 |
+2n(a _rsin@)(@a-rsin8)’)
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mEmenm and Products of Inertia

EXAMPLE 8 )% moment of inertia about its axis, of a solid rubber tyre, of mass M
and circular cross section of radius a is
M ) |
"y (4b° +3a7), where b is the radius of the curve
If the tyre be hollow and of small uniform thickness. show that the corresponding
result is M
— (2b* +34%).
2
Solution This is a particular case of the above two
1 CUrve. examples. The tyre is formed by the revolution of a
o by the arcC circular area about an axis C
. surface generalec ™ urve ' : A
inertia of the SUr he length of the whole € 5 Case 1. For solid tyre. (It is case of Ex. 5). -/
Solution Let /be the 1= Moment of inertia of circular area about CA4
-
=Tnass X —
4
2
k:’- = i_’ Fig.
4
and put b for g in the result of ex. 5.
Hence, required M. = M| p> +34_ |- M (4b* +3a?).
b X 4 4
° % Case IL.  Hollow tyre. It is case of Ex. 6].
2
29 I % saal 1) Moment of inertia of circular arc about G4 = mass -2
Then, == 2
integration being taken to cover the upper half of the curve. ; So, here e |
M =mass of the surface of revolution ' . 7
o] (2) Thus, putting b for a in result of Ex. 7.
= 2napl il ;
., 2a M
If k is the radius of gyration of the arc of the curve about C4, M.L. of the hollow tyre = M[h' + 5 )= > (2b* +3a?).
p lk* =M.L of the arc about CA ,
=2 [pr sin?
2 [pr sin” 0 ds 48] MOMENT OF INERTIA ABOUT A LINE
Now arguing as in the above exa Lof [ ;
arguing ve example, M.I. of the stlrface of revolution about 04 Given the moments and products of Z P
= Ip[En (@+rsin®)’ +2n(a - rsin 0)° | ds inertia ubout three perpendicular axes, to find
; . o the moment of inertia about any line through 1}},
4% j (@ +3ar” sin"6) ds their meeting point. tew O Q
G 2 . Let 4, B,C be the moment of inertia b
- I 2ds +6mpa _[2‘" sin” 6 ds ' about the three given axes OX, OY, OZ. Also N
= Ma® +2 g2 let D, E, F be the products of inertia with f
_— from Egs. (1), (2) and (3) respect to the axes of yand z, zand x, xand y 2 o
=Ma” +3k?) respectively.
Y
Fig.
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: from + Nnz.
U_.mi.ﬁz_u_ﬂo:&oaﬁ e

0 : Qh.eu QEM“A.HM.TYH.TNV qu NEE&NINE.TNMEH‘#,
1 M..w-vx.. — = ’ HH—I_.EI —
HHN ﬁ_l_~uv+.‘n (1-m V+Hn HQN+EMVL.M3=HNIMNEIN~§.§\
12 +2Z 4 .
MH:EH+=MV+EQ 1) as .E+E;+z-n_
2y z —2Inzx — 2Im;
75 mv+3mﬁhu+umv+amﬁum+&w 2mn Xy
=l (Ve t 0Q, then
ent of inertia of the body abou LTETy
If / denotes the mom MME;.HH+N$+3 sm' (x° + y°)

o2 2 (Y +Z0)Em :
[=Zm' -PN2=1"Zm' (Y o Sm'yz—2nZm'zx = 2Im 'y

[from Eq. (1))

merti lane lamina about two perpendicular
« and product of inertia of a piane la s
ﬁ__.w.wmﬂﬂﬂm_hd ?nﬂa. to find the moment of inertia about any other axis through
axes I ;
their point of intersection.
Let A and B are the moments and F the
product of inertia of a plane lamina about two

axes OX and OY in the plane.

If (x, ¥) be the co-ordinates of the element of
mass m referred to OX, OY, then

. 2 — 2 = s m 94
A=Zmy ,B=Zmx", F =Zmxy (1) rain) P

- = - A T -

Let OX ' be any line inclined at an angle o to
OX. X ’

If (x', y') be the co-ordinates of element m
referred to OX' and OY '’ then

Fig.
X'=xcosa + ysin o

and Y =ycosa - xsina

Moments and Products of Inertia

Now moment of inertia of the body about O’
= zmy -

=Zm (ycosa —sin q)>

Lh= SHO 2 :
=Cos” & Zmy” —2sin o cos a Zmxy +sin’ o Lmx>
2

=Acos" o -2F sina cosa + Asin o from Eq. (1)
=Acos’a + Bsin’a — F sin 20,

Also, product of inertia about OX ', Oy’ .
=TXmx’ y

=2Zm(xcosa + ysina) (ycosa —xsina)

=sin a cos a (Zmy* —Zmx?) + (cos® a |m._=unu§
=(A4 - B)sinacosa + F cos2a

= w (A - B)sin2a + F cos 2a.

Some Simple Propositions

Propesition 1. If A, B, C stand for moments and D, E, F for the products of
inertia about the axes, then the sum of any two of them is greater than the third

Proof. We see that 4+ B ﬁnMEA.ﬂM+mJ+MEAHM+NJJMEQH +y%)

=2%mz* = +ive
This proves the proposition.

Proposition II. The sum of the moments of inertia about any three axes

(rectangular) meeting at a given point is always constant and is equal to (wice the
moment of inertia about that point.

Proof. Weseethat A+B+C=2Zm(x’ + Vv +z) =2Zmr,

which shows that 4 + B + C is independent of the direction of axes.

Proposition IIl.  Tke sum of the moments of inertia of a body with reference to
any plane through a given point and its normal at that point is coustant and is equal to
the moment of inertia if the body with refrence to that point.

Proof. Let the given point be taken as origin and plane as the plane of xy.

[f C" is the moment of inertia w.r.t. xy plane and C the moment of inertia about its
normal at origin (z-axis), then

C'+C=Xmr’= _ (A+B+C) from Proposition II.

which is independent of the direction of the axes.
C'=-(4'+B=C).

Thus, if 4", B, C' are the moments of inertia with reference to the planes of
v, Z, Z, x and x, y, then
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4 X

[ts moment of inertia about JI =

Let the diagonal .4C make an angle 6 with AB,

. h
then tan 6 = w so thatsin @ =

i

._..;Eu T %u w
Thus, moment of mertia about 4(
| TN

and cos B =

d

a\ﬁnu +vuv.

=—Mb cos 0+~ Ma’sin 0

slLd

Moments and Products of Inertia

E Show that the moment of inertia of right solid cone whose height is h

~ x e ot
IMa- O:- +a°

and 1 adius of whose base is a, is about a slant side, and

3iM 20 h* +a’
h|m|o-w¢: +4a°) about a line through the centre of gravity of the cone

perpendicular to its axis.

Solution Let a be the semi-vertical angle of the
cone; then

tan o = <. (D
h
M is the mass of the cone.
M="na’hp .(2)

Consider an elementary disc of thickness ox at
a distance x from A4,

radius of the disc = x tan o

mass of the disc = prx~ tan~ a dx.

i 9
», 2 x“tan” o
M.I. of the cone about AD =pmnx~ tan~ a - -

ox.

= _u.nE:,. o x*dx.
>

4
prtan” o ._.bhh_ 5
) 0
ntan* a ph’ uwﬁnu (3)
10 10
Also M.I. of the cone about AE (a line through vertex 4 perpendicular to AD)

3 0.

.—.: 3 9 X" tan" o 9

Hence, M.1. of the cone about AD =

nx-tan-a -p dx +x°
0 4

4
h| tan™
ﬂmzmﬁ._u . |.»I1+_ x*dx

ntan” o ph’ [ tan” a
4 4

+1

2 3 2
_m a 3Mh [ a” ) oo =L na?hp from Eq. (2)

20 K ma’h\ K’ 3

w?ﬂ Anu +$r ) ...(4)
NO
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Mradadt O indrns o ahouit Stant noat™
' g y _—Jﬂ. .._,J..J.._...r...! ..
Now TRAMON O Indrtid & E : : . >
M- . M T4 )ian Q
W ae - o~
”F_ﬂﬁ ﬁ L#’M.Flhrlﬂ*’-ﬂ
, )
__;.... ’ » R Uﬁ

N &N
. @
- -
WA = S| s
= " + b))
V=
r
ant Q= - :
i - T.._ 1
Vg = *®

Partll. 7 5ing vhe mamew O Ineriis Zh0wA 4 Iime (GA ) 7R7ORTA conire 7 Sraviy

et e T INTIT o ol i e s
WM oahoug £F = M1 ahoat GA - W1 shout 45 of Mass M placed at G

M1 shom GK = M1 ahoar 4 - M. about 42 of mass M paced at G,

- - I = R b, - ......... .._._/__ u
H.ﬂ.h..r..._ﬁ. & ol R llu.lv..._..r”...lr.& . ..1}-, |FHMW|..
S | 16 3 (4 16
S3M T ek’ 158%)
X0
=¥ a0’
R0

EXU Y)Y < clased shell of onal mass M. made of thin uniform sheet metal. is in
e Thir Trm of 3 reghl corowdar come. of slant heighi  and base radius r. Prove that the

1

MOMCT (7 meTia oF the seell abowt a1s axas of symmety s - Mr | and that about a

.J

me Iroudh The werten perpendcuiar o the axas 1s - M QT +2ri-3r7)

Sokmion 121 & be the height and o the semi-verncal angle of the cone. such that
r=fwna./=gseca K1}
If p be the densiny and M the mass of the closed shell, then [See fig. of ex-1]
A = mass of the curved surface + mass of the base
uﬂwﬁsngﬁnﬁﬁ+ﬁw“_ﬁu”ﬁﬁ

-

=RA'plana (ssca+-tana) 2

~ Now consider 2 circular ring at 2 distance x from the vertex A. so that width of the
nag 13 drseca.

1

prp a5 s et I S

- N

Moments and Products of Inertia

Now ML of the closad concal shell about 4\
= M.1 of the hollow cone about 4\ + ML of the base about 4\

- 2 2 2 2
= _ RQrmutana)pdvseca -y an“a + (xh” tan~ a p)
r._.

h° lan” a

J

._q.__ 3 |
=2%p — AN~ @ SeC & +uﬁ§_- tan”
b -

: _ 1, 2
mph” 1an a(seca +tana)= MhT@n"a

—
—

[from Eq. (2)]

Mr- [from Eq. (1)}

—
—

) — [ I} e

This proves the first result.
Again M.1. about 4E (a line perpendicular to AX through A)
— M1 of the hollow cone about 4E + M.1. of the base about AE

T - - J.
3 - - - b, “h tan"a s |
n._..,ﬂﬂ.ﬁ:n;&.mﬁn_ww.,E:-a+....-#+ﬁ_-E= ap +h
0 \ 2 4
h* > 1 4,2 >
= —mplana seca (fan” a +2)+—nph tan~a (tan~a +4)
< 4

= ! pizptana [tan~ @ (seca +ana +2(seca +2tana)]
-

[from Eq. (2)]

Mh-ltan"a +

Q0D | r=e

ﬁ s upm»nﬁ.qu:nL
seca +tana |
= ”_ ...:ru tan” @ +2h" (seca —tana ) (seca +2mrana)l
=1 M 24 sec o +2h° ana seca —2k° tan” a]
uw MQPF +2r-3r7)

This proves the second result.

TITX]  Show that the moment of inertia of elliptic area of mass M and

1l
semi-avis a and b about a diameter of length r is 4 M—
r
Solution Moment of inertia of the ellipse y
about major axis, CX = 'AI and its moment of
Ma*
inertia about minor axis (y= . also the

products of inertia about CX, CY vanishes.
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Dynamics of a Rigid B
Let

Mb: ¥ .
—4- CUS“B+—A£H_ sin- 08

= x (b*cos’ 0 +a’sin’0)

=41

Given r as the length of the semi-diameter CP, so co-ordinates of P are

(rcos6, rsin®).

AsPison'—r—+y 1,

2 2 %
r-cos- 0 r’sin’@
— s +——— =,
a h*
X
2

-

u-b

le.,

2 2 2 . 2
—(h"cos” 0 +a”sin"0) =]

2
a

2

s

. 7 5 A 5]
b cos B +a-sin” 0=

Pl

I

Substituting ﬂ;m? this in Eq. (1), we have moment of inertia of the elliptic disc
, M a°b”
about CP = — . ———

4 2

m Show that the moment of inertia of an ellipse of mass M and semi-axis

a and b about a tangent is —4:- p’. where pis the perpendicular from the centre on the
fangeni

Solution et tangent be inclined at an angle 6 to be the axis of x, then its equation is

v=x1lan b + J(u: tan’ 0 + b?),
p = perpendicular distance of the tangent from the centre (0,0)

Ja?tan?0 + b?) TS
= -Jz_. = _+ - == r'ffu n’0+h*cos’0)
V(1 +tan” 0)

Now proceeding as in last example.
Moment of inertia about a diameter parallel to the given tangent

= w IH: _“nj H + b‘?c(mzﬁ]: };1 P:" (see Eq ] of last Ex.)
4

Therefore. by theorem on parallel axis required moment of inertia about the tangent

v b @
E — T4 M = - ,M. "
4 P I 4 P

Ddy :
PD be a diameter makin i |
_ g an angle 6 with the axis of x, then moment of ine:
of the cllipse about diameter CP. SR

s N, T

W AL SR T N T

Moments and Products of Inertia

OIS RD /f Ky, k, be the radii of gyration of an elliptic lamina about two

conjugate diameters, then
1 1
At 4( —I—j + —1-_; )
kf kf a” h*

Solution Let CP and CD be conjugate semi-diameter of lengths », and r,; then

Mi’flz - ﬁ .“hfh. and Mk; = £1u"i)" (as 1n Ex. 4)
4 F{' 4 r:“
11 " I ;41(r|:+rﬁ1)
ki k; a’h’
4

STV SN A Show that the sum of the moments of inertia of an elliptic area about
any two tangents at right angles is always the same.

Solution M.I. about a tangent inclined at an angle ©

=% Mp* (found in Ex. 5)

=% M (a®sin® 0 +b%cos’0) [as p= J(az sin’ 0 + b’ cos’0)]
It follows then that moment of inertia about a perpendicular tangent
=% M (a* cos® 0 + b*sin* 0) {putting %‘m fore}

Sum of the moments of inertia about two perpendicular tangents
5 2 3
==M(a" +b°)
4

which being independent of © is always the same.

NN Show that the moment of inertia of an elliptic area of mass M and
equation,

ax’ +2h.tjv+by2 +2ex +2fy+c=0

. . aMA
about a diameter parallel to the axis of x is — ——

4{ub—h2}2'
where A = abc +2fgh—af * - bg? ~ch’.

Solution Equation of ellipse is ax’ +3hxy + by’ +2gx +2fy+c=0
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Dynamics of 8 Rigid Bogy

he centre of the ellipse, the equation of the ellipse

Now transferring the origin 10

becomes )
3 2 a —
ax” + 2hxy + by +..,“_;_.T.».H 0 (1)
. : . _U
where D_Hﬁm.\.ﬁ..._-w‘\..ﬂ&lﬁ.x.ulmuhulﬁ} ( %Wgaéw
. A
Putting v =0, we get ax”~ = - .
e : ab—h"
Hence. if 7 is the semi-diameter parallel to the axis of x
5 A
re=- -
al(ab-h")
Equation (1) can be written as i
=t oy * =1 where ¢’ =
st e = e # — :
n...... un_ﬂ & ab - h?

(putting in the form ax® +2hxy + by* =)

If a, B are the semi-axes of ellipse, thena * B are the values of R ? in the equation

*

ﬁlm - i_luﬁu b_ 1) uhww. (by Coordinate Geometry)

¢ R* ¢ R-) \c¢
Le. : . _,HM+W;+||..“H@|4}- =0.
Y pive o ¢
2 23
4_ - unw.q..} nﬁnvnw ) putting value of ¢'.
a™B- c - A~

Hence, the moment of inertia about the diameter is
.i..uumur|.£ A .in&lm_uw

4 2 4 (ab-h*)’ A
_ aMA
d(ab-h")"
E Show that for a thin hemispherical shell of mass M and radius a, the

o oz : o
moment of inertia about any line through the vertex is = Ma*>.
2

Solution  Let O be the vertex of the hemispherical shell, take the symmetrical radius
O.X' and other two perpendicular lines OY and OZ as axes of reference.

The hemispherical shell is generated by the revolution of a quadrant of the circle
about O.X .

Moments and Products of Inerta

Fig.

=ML about OX . = [ ‘p2n(asin®)add-a’ sin*6
12 . 2
nmnnhh‘_ﬂ_ m_:#ananwnnh,.,w

If B and C are moments of inertia about OY and OZ, then
a’sin’®
2

+(a -acosB)’

B=C-= ._nn_“ p-2nasinBadod-

|
= npa* r sin O (3 - 4cos 0 +cos’ 0) d®

= xpa’ H-un&?mma”ma _wna“i“ -

1 4 .
u:vh.,_\wlm+._-‘_u_nnh _unm.ann-.
L 3 3 3
Also if D, E, F are the products of inertia about the axes, then D=E£=F =0, as
a \

coordinates of C.G. E,L M.Po |
f

1 s

Now let [/, m, n] be the direction-cosines of a line through O, then
M._1L. about this line = 4/° + Bm> +Cn- —2Dmn - 2Eln - 2Fim

um..h..?.u:“ +m- +=u,u”,.$.n“.

2EV LUBUL Show that the momeni of inertia of an ellipsoid of mass M and semi
axes a, b, c with regard to a diametral plane whose direction-cosines referred 1o

principal planes are (I, m, n) is

ik N (@3l? +b’m’ +c*a?)

S
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e .
e SINCE -
which represents an n:%waa oy "

momental ellipsoid of :.ﬁ,
- inert! :
Since moment o " dius V .

oo 2o claare that eyven Hu& . G_Q there exist three _.__.._.._E
ares. it 1s clear allips ally

< s ¢ every of reference, the transfq,

Remark We kno .
ayolving ..‘.N.ux «val AXxes _._uﬁ..:un m:_ﬁmﬂ__a

cdination : ellipsoid (1) be

These new axes of COOTE™ ©
" Let, referred to princip 8! myw?& 167 = MK’ (1)
Ax™ By) | zero, because otheryjg,

f inertia abou

involving XJs. a set of three Mutuqly,

omental ellipsoid g ¢
{ atime t_‘..._:._.;*

point O are equal to each other,
ter 1S @ principal diameter and g

The products O
there would enter terms

Hence, for every body
perpendicular axes. :.Eﬁ.}..ﬁwm
such that the products of inertia 0 e

Cor. If the three E.E...:E..Ea
ellipsoid becomes 2 sphere. In this cas
radii vectors are equal.

Also every straight line Eﬂﬂ:@:
inertia about them all are equdi- e o n i 6

As an example-the perpendiculars from the nmzmmﬁwm %MHHW o n three
coterminous faces are principal axes, because referre
smxy =0, Lmyz =0, Tmzx =0

inertia about them are

() becomes principal axis at O and moments of

2 Ma?
w ]

equal, each bein
Moreover, three moments of qual, g

where 2a is the side of the cube. |
Hence, moment of inertia about any Imn
through the centre of the cube 18 :
2 2 2 2 Naﬁ
_2Ma g . 2Ma” 2 +mia n’ _ 2 (> +m” + n’)= ,
3 3 3 3 3

which is always the same.

e whose direction cosines are [/, m, n]

ERTJ MOMENTAL ELLIPSE

In the case of a plane lamina, if 4, B are moments of inertia about the axes and F be
the product of inertia about them, then moment of inertia of famina about a line O¢

making an angle 6 with OX, is given by
Acos>0-2F sinBcosO +Bsin’0

Moments and Products

to GQ.. , then

of Inertia

Again if the point O be suc :
¢ be such that this moment of inertia is inversely proportional

0O . 2
A 2 e - 2 . Q w
recos” 0 —2Fr sin®cos® + Brlsinl 0= MK*

Acos” 0 -2F sinBcosO + Bsin’ @ - MK mK*

which gives

Thus, locus of O in the cartesion form becomes :
\“_Hm — Mﬁ....ﬂh.+ hwuw.u = MK? | F
which represents an ellipse, (since A4 and B . ﬁ...._
. ; are essentially positi e d
momental ellipse at the point O. ¥ OmLIVE] AR 75 teileg |
Note. The momental ellispe is the section of the momental ellipsoid at O by the plane of the lamina
. '
SOLVED EXAMPLES w.“
y
mu,_g._s_ﬂ_um 0 Show that the momental ellipsoid at the centre of an elliptic plate is
- . 3 AN ]
— +Z o 5 = consitant.
g ’.
a- b’ a- b°
solution Take the major axis and minor axis of the ellipses and a perpendicular line
OZ as the axes of reference. Then
A = moment of inertia about OX = & Mb*
4
B = moment of inertia about OY = w Ma*
s . 1
C = moment of inertia about OZ = P M (a® +b%).
Y
X
Fig.
. i about the axes y, z and ZX and x, )
If D.E and F are products of inertia a )
respectively we obviously have
_U — .m, = m. “Q.
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¢ the cenire of an ellipsoiq

» mom
% Show ﬁ: __.__“ ” 1) 2’ = constant.
..__ u - i - .—-l ﬁ . a e . & .
. of reference, the cquation of

_“}u*.. yv© o+ T
e 0% » ANC
Solution Referred 10 E,__:..._E_ axes the
ellipsord 18 o,
v + “_.l + bt H_
.:_-. ?h. ¢
_ 7 . 2
(=M | about O\ i M (0" +¢ )
. o ol
B =M.l abut O =~ Mcm+a k
5
_ y . g2
and C = M.I. about OZ = = Ma +67)
Products _._.._..__».. _Zﬂ_.—._.m. = E = F =
the centre O 1S

Hence, equation of the momental ellipsoid at
M % . | 3 L ] EY - - 4 -
- M0 +c7)x" +(c" +a ) v" +(a™ + b-) =~ ] = constant
5

;- : G : SO 2 2N o
or (b= +c )X~ +(¢c”+a”) v +(a”+b7)z" = constant.

T Show that the equation of the momental ellipsoid at the corner of a
cube of side 2a referred to its principal axes is

....w..—.|+—_A....,.. +Huvﬂh__

where ¢ is constant

Solution Let O be the comer of
, | er of the cube and G | .
determine the equation of the normal ellipsoid at S_anmwﬂmm %w gravity. We have 10

Take line OG as the ax;
s of ,
O as the axes of yand :. x and ;

"

Moments and Products of Inertia o
1

Fig.

As the product ol inertia of the cube about any two mutually perpendicular lines
and coordinates ol G referred 0 OX, QY , OZ, as arcas are (d J3,0,0)
about the axes OX, QY ,0Z, take in pairs are also zero.
are the principal axes of the momental ellipsoid at O,

through (7 18 zero
the products ol inertia
Therefore, OX,OY,0Z

.Iw. ¥
4 =M.l about O = M Ma-

NOw

about a line through G || to OY

B = M.1. about OY = M.L.
+ M.1. of mass M placed at G about OY

2Ma* )
£I00 %M as 0G = a3

3

=

[ I Ma*®

—

3

R Ma’
3

D=E=F =0

Similarly, C = M.I. about OZ

Also,
Hence, equation of the momental ellipsoid at O 1s

3 B 7
2Ma- - 1l Ma- ~> | | Ma™ >
g e Y F—— = constant
. w

2 3

2x° +11 :.u + z7) = ¢ (constant)

or

Show that the momental ellipsoid at a point on the rim of a hemisphere

> T

i3 4 TLY +27)=—2X2
4

Solution Let O be the point on the

tal ellipsoid is to be determined.

O be taken as x-axis, a line

Eoz._m:
[ et the diameter through .
_axis and a line L to the plane of

_ﬁ m:,,,

perpendicular to OX betakenasy
f gravity G are | 0,0, — |-
. \ 8

= constant.

rim of the hemisphere, at which equation of the

in the plane of the base and

the base as Z-axis.

+ Coordinates of the centre 0
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Dynamics of a Rigid g, &

: _ | | and Products of Inertia
Let A, B, C be the moments and D, £, F the products of inertia about these aXes, Marners

. — : » s circular
Consider an elementary disc at a distance & from OX. Then radius of the dige % Show that the momental ellipsoid at a point on the edge of the cir
= .f\ 2 _g2 base of a thin hemispherical shell is
il L 2x*° +m:..“._+uuw|wmuunczm_.m:r
Z .

" b i
solution Let a be the radius of the shell. Let O be the point on the circular edge a

which momental ellipsoid is to be determined.
Z

y Ring

- -
BT TS EEE LA LT TT T

X
) 4
Fig.
M.L nw%n&mnmvczﬂﬁkniamlmJﬁﬁ_o wﬁnuinﬁ+nm ’ l Fig
muwﬂu ._.¢ (@ -£2)(a? + 32 - "’ g2 4 A = moment of inertia about O.X = Ma*.
27 1, (" +387)de = —mp [ (a* +2a°7 -36%) g - :
Lnn afmamrm% _d4npa’ B = M.1. about QY
% 3 5 15 = M.I. about a parallel line through C + Ma?
2 o] . 9 9
=-Ma”as M=Zng’) Hw?«nrlvﬁnrumgﬁg
5 4 3 3
2 5 7
B==Ma" + Ma? =" pq,2 Also m.nmﬁnu
5 5 3
7 :
and - 5 Ma*. Coordinates of centre of gravity are| 1. 0, W a
Also b”k.@xm_ﬁ” ! DHHH.HO._ W.H?AE.MEHWEEH
8 2 2
G ﬁm axa= M. 3 g2 Hence, equation of the momental ellipsoid at O is
m 2 2. 5 2 3 m 2 T ] 3
and E=Mib%asu wﬁn +.f.r_+wﬁnr-__u-+w§n-m- |w.mh_$n-u..,.uns=m52
Hence, the ﬂ:m:czm of the momenta] ellipsoid at O s 2x° +5 (32 + 22 ) —3zx = constant

Ax® + By* +(Cz? -2Dyz - 2F>
X = Fxy = constant

P i [2 5 @ . : Prove that the equation of the momental ellipsoid at a point on rhe
o Ma®|Zx* 4. am +— 22 3 circular edge of a solid cone is

5 5 5 — —XZ | = constant

4 (3a* +2h%) x? + (2342 gl B, 1S T —

2 , : .
2x% 4 7(y? 4 22) - Wm B Bt Where his the height and a the radius of the base.

or
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Dyarncs I 2 Q0 B

| iiﬁﬂg%;
7 ot - o WWCH e W _
wha\.annthn.\h.ﬂinﬂnwﬁ% he M€ WY

deermune the raomertal siligaoad

W . | W e
e | - .r-:. - Eq_i\ i o “. - :L_a.
pi . N

¢ - monment of Mmerna dbont parailel me heongh cenive - s

-~ Z un W
W ~ | 25 @ @ p
>

)

2 Whguﬁ -2’ 21 & = the eguation of momental eilipsowd 20 s
=zan a-p| | - : *S __ T RN L e i |
L = | M ag® ~2h ) +— (Ba™ + )y +— Ma z -1- MWolc = constnk
: ~ 3 20 20 1 B
= p. 2g 3 = - . - < . . . . 5
tan’ a ﬁ“wxg-n._...r,a S | or (3a- =2 )2~ ~(2Ba™ ~2k )y =260 > - Ifachc = constant.
— 1 | NH- w H m ._:_.— 2 | |
o 1 E Find the momermal eflipsoid ot amy powns () of a meteraf sorsight rod
: Ri_!-nx.m-m._.m__. } 1B of mass M and length2a
S 20 3 2 m._w 1 Solution Let G be the centre of graviry of the uniform rod and O the pownt af winch
r 3 _-_. equation of the momentzl eilipsord 15 w0 be determmed. L OG =¢
fan" a , _ | : .
= la ph | + A = moment of mertia about OX =0,
=gtan-a ph" | >0 w_u._h_ !
|_§.ﬂ§“n.vi&§num |
r s —i . A : |u_..__...__| — x
- g _ 3 7 -
HW.;.-“ - L3 _ g _._......
(20h° 30 | 5
- ;. .m_;____ i
Hm_—w‘ul ..TH&-..V m_.

20
B = moment of inertia about OY ,
- moment of inertia about a parallel axis through centre + Ma~

B = moment of mertia about OY
= ML about 2 perallel lme (Le . a through G L w the rod) - M -0G~
where OG=c¢

e A i e R o ST e .
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